Abstract. We study irreducible spherical unitary representations of the Drinfeld double of a q-deformation of a connected simply connected compact Lie group, which can be considered as a quantum analogue of the complexification of the Lie group. In the case of SUq(3), we give a complete classification of such representations. As an application, we show the Drinfeld double of the quantum group SUq(2n + 1) has property (T), which also implies central property (T) of the dual of SUq(2n + 1).
Introduction
As in many literature (e.g. [14] , [17] ), the Drinfeld double construction for a q-deformation of a compact Lie group can be regarded as a quantization of the complexification of the original Lie group. In this paper, we study irreducible spherical unitary representations of such Drinfeld double via its analogy to the complex Lie group, especially toward the classification in the case of SU q (3). Our first main result is as follows. (cf. [8] for the classical case.)
Main Theorem 1. Fix 0 < q < 1 and let X := {(ν 1 , ν 2 , ν 3 ) ∈ (C/2πi log(q) −1 Z) 3 | ν 1 + ν 2 + ν 3 = 0}.
Consider the natural permutation group W = S 3 -action on X. Then the irreducible unitary spherical representations of the Drinfeld double of SU q (3) are parametrized by ν ∈ X/W such that (i) ν is imaginary (unitary principal series), (ii) ν = (t + is, −t + is, −2is) modulo πi log(q) −1 Z 3 × W for t ∈ [−1, 1] and s ∈ R (complementary series) or (iii) ν = (2, −2, 0) modulo πi log(q) −1 Z 3 × W (characters including the trivial).
We note that the classification of irreducible unitary representations of the Drinfeld double of a q-deformation is initiated by Pusz [18] in the case of SU q (2). In [21] , Voigt and Yuncken independently obtained similar constructions of irreducible unitary principal series also in nonspherical cases.
As another consequence, we show the isolation of the trivial representation in the case of SU q (2n + 1).
Main Theorem 2. Fix 0 < q < 1. For n = 1, 2, . . . , the Drinfeld double of SU q (2n + 1) has property (T).
Let us explain our motivation coming from operator algebras. The notion of compact quantum groups was introduced by Woronowicz [23] and has had a great influence in the theory of operator algebras. Among properties of compact (equivalently, discrete) quantum groups, approximation properties have a strong link with the structures of the corresponding operator algebras, for example, [3] , [10] and [11] .
In [6] , De Commer, Freslon and Yamashita pointed out that the approximation properties for the Drinfeld doubles of compact quantum groups appeared to be closely related to that of the dual discrete quantum group. In the same paper, they showed the central Haagerup property for the dual of SU q (2) . A main application of the result in this paper is to show central property (T), which is contrary to the central Haagerup property, for the dual of SU q (2n + 1), although it is amenable and has commutative fusion rules.
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Let G be a connected simply connected compact Lie group, g the complexification of its Lie algebra, h a Cartan subalgebra of g, ∆ the set of roots, Q ⊂ h * the root lattice and P ⊂ h * the weight lattice. Let (·, ·) be the natural bilinear form on h, which is normalized as (α, α) = 2 for a short root α. For each α ∈ ∆, let α ∨ := 2α/(α, α) be the coroot. We fix a set Π of simple roots and let ∆ + (Q + , P + ) be the set of positive roots (positive elements in the root lattice, positive weights) with respect to Π.
Put q α := q (α,α)/2 , n q := q n − q −n q − q −1 , n q ! := n q (n − 1) q . . . 1 q , n m q := n q ! m q !(n − m) q ! .
Definition 2.1. The quantized enveloping algebra U q (g) is the algebra defined by generators {K λ , E α , F α | λ ∈ P, α ∈ Π} and relations
One may define a Hopf * -algebra structure on U q (g) by
and the * -structure is given by
is an isomorphism as vector spaces. Through this isomorphism,
For each λ ∈ h * , let V (λ) be the unique irreducible highest module of highest weight λ, that is, there exists v λ ∈ V (λ) such that
We also denote the corresponding representation by π λ . If λ ∈ P + , then V (λ) is finite dimensional. We say a U q (g)-module is of type 1 if it decomposes into a direct sum of V (λ)'s for λ ∈ P + . Notice that any subquotient of type 1 module is also of type 1.
On the other hand, if µ ∈ πi log(q) −1 P , V (µ) is 1-dimensional. Hence for λ ∈ h * and µ ∈ πi log(q) −1 P ,
In particular, for λ ∈ P + + πi log(q) −1 P , V (λ) is finite dimensional. Notice that
for λ ∈ P + . For any U q (g)-module V , we denote the isotypical component of V (λ) by V λ and the weight space of weight µ by V µ . Let [V : V (λ)] be the multiplicity of V (λ) in V .
2.2. Quantum coordinate algebra. Let A, B be Hopf algebras. A skew pairing between A and B is a map
If A, B are Hopf * -algebras, we also assume
For a pair of Hopf algebras with a skew pairing, one defines the following actions: for a ∈ A and b ∈ B a ⊲ b := (a, b (2) 
Here we used the sumless Sweedler notation:
* be the subspace of matrix coefficients of type 1 representations. Then O(G q ) carries a unique Hopf * -algebra structure which makes the pairing
Then O(T ) can be identified with the algebra of regular functions on the maximal torus of G. Denote the canonical surjection
Let Θ be the isomorphism
Let us define the following central projections on O(G q )
and let ϕ := p 0 be the Haar state. For a type 1 U q (g)-module V , p λ is nothing but the projection onto V λ . We have ϕω = ωϕ = ω(1)ϕ for any ω ∈ U( G q ).
(The universal C*-completion of) O(G q ) is a compact quantum group in the sense of [23] . In our notation, the modular automorphism of O(G q ) is given by
where ρ is the half sum of positive roots: ρ = 1 2 α∈∆+ α. We also have
In particular,
and hence
which can be rewritten as
2.3. Adjoint actions. Let us recall some of the results which appeared in [1] and [12] . (Notice that their results are on the field k(q), but the same proofs work for a fixed parameter q ∈ C × as long as q is not a root of unity.) Recall the adjoint action of U q (g) on itself ad(ω)µ := ω (1) µ S(ω (2) ) and the coadjoint action on O(G q )
) be the R-matrix. Namely, R is given by the formula
Here B is the matrix ((α ∨ , β ∨ )) α,β , H α is the self-adjoint element in U(G q ) which satisfies q Hα α = K α , E α , F α are the PBW basis corresponding to α and
For our purpose, we do not need the whole formula, but the fact that R is a sum of elements in
Lemma 2.5. [1, Theorem 3] We have the following.
Proof. For (i) and (ii), see [1] . For (iii), notice that
Here, by the definition of P, we have
) and let Z be its center. Now let us recall the separation theorem in [12] . Theorem 2.6. There exists an adjoint invariant subspace H ⊂ F (U q (g)) such that the multiplication map
Now we have an m × m-matrix (a ij ) with coefficients in F (U q (g)). The determinant of P λ := P(a ij ) is called the quantum PRV determinant and computed in [12 
From this, we can estimate the rank of P λ (ν) for certain cases. (See [12, Lemma 8.2.7] ).
(ii) The matrix P λ (ν) is invertible if and only if (ν + ρ, α
As we shall see later, the twisted adjoint action
is more relevant to the Drinfeld double construction. We call the vector space of fixed points the q-character algebra and denote it by O(Char q (G q )). Then this is an algebra and
forms a basis of O(Char q (G q )), where (v i ) is a basis of V (λ) and (l i ) is the dual basis. One can show O(Char q (G q )) is isomorphic to a usual character algebra of G as an algebra. In particular, this is commutative and its character space is X/W : any character on O(Char q (G q )) is of the form K ν+2ρ and these gives a same character if and only if ν's are in the same Weyl group orbit.
Drinfeld doubles.
In this section, we collect some definitions and facts on Drinfeld doubles of O(G q ).
Definition 2.9. For Hopf algebras A and B with a skew pairing, the Drinfeld double B ⊲⊳ A is the algebra generated by A and B with the commutation relation
for a ∈ A and b ∈ B. As a vector space, the multiplication map gives an isomorphism B ⊗ A → B ⊲⊳ A.
If both A and B are Hopf * -algebras, B ⊲⊳ A is again a Hopf * -algebra.
Remark 2.10. It is not necessary B to be a "genuine" Hopf algebra to define the Drinfeld double B ⊲⊳ A as an algebra, as long as the bimodule action of A on B makes sense. For example, one can define
) be the subalgebra of U q (g) generated by E α and K λ (resp. F α and K λ ).
Recall that there exists a unique skew-pairing
Consider the following skew-pairing
Proposition 2.11. [12, Lemma 9.2.13] There is an algebra embedding Ψ :
For the later use, we prepare a technical lemma.
Proof. By definition,
The following result is first observed by Krähmer [14] .
Theorem 2.13. The map
is injective.
2.5.
The quantum group SU q (2). Through this section, let g = sl 2 . In this case, the Cartan subalgebra h is 1-dimensional. We identify h = C with Π = {1}. Then
Admissible representations
We regard D and D c as subalgebras ofD. Then D c is an ideal ofD, hence in particular D c is a D-bimodule in a natural way. Definition 3.1. Let V be a vector space and π : D → End(V ) a representation. We say π is admissible if V is of type 1 as a U q (g)-module and [V : V (λ)] < ∞ for any λ ∈ P + . We say π is spherical if π admits a nonzero U q (g)-fixed vector.
The following lemma has already appeared in the proof of [13, Theorem 8 .1].
Lemma 3.2. Let A be a * -algebra and N ∈ Z ≥0 . Suppose A is a subalgebra (with the * -structure ignored) of i∈I End(V i ), where (V i ) i∈I is a family of vector spaces with dimensions at most N . Then the dimension of any irreducible * -representation of A is at most N . Theorem 3.3. Let π be an irreducible * -representation of D c on a Hilbert space H. Then the multiplicity of V (λ) in π| cc( Gq) is at most dim V (λ). In particular,
Then since ∆ × Ψ is injective, we get an embedding
Fix λ ∈ P + . By cutting the embedding above by p λ , we get an embedding
Here since
is injective. Hence we get
2 . Now we can apply Lemma 3.2 to get the desired conclusion. Now we start to classify admissible D-modules.
Lemma 3.4. We have the following.
We only need to show K admits a unique maximal submodule. For any family of proper submodules (
Let us restrict ourselves to the spherical cases. De Commer [5] pointed out ϕD c ϕ is actually isomorphic to the character algebra of G for a general compact quantum group G. Let us state the result only in the case we need here.
First, D c ϕ admits a U q (g)-module structure by left multiplications. Since c c (
shows this is nothing but the twisted adjoint action ad S . Hence, aϕ ∈ p λ D c ϕ if and only if a is in the λ-isotypical component with respect to ad S . In particular, we get the following.
is an algebra isomorphism. In particular, ϕD c ϕ is commutative and its character space is X/W .
Proof. Any elements of ϕD c ϕ can be written as the form aϕ for a ∈ O(G q ). We also know a ∈ ϕD c ϕ if and only if a is ad S -invariant, that is, a ∈ O(Char q (G q )). We have aϕbϕ = abϕ for a ∈ O(G q ) and b ∈ O(Char q (G q )), since ϕbϕ = bϕ. In particular, this is an algebra isomorphism. Proof. Let V be an irreducible admissible spherical representation. Then V 0 is an irreducible ϕD c ϕ-module, which is in a one-to-one correspondence with elements of X/W by Lemma 3.5.
Thanks to Lemma 3.4, two irreducible admissible spherical representations are isomorphic if and only if the corresponding characters on ϕD c ϕ are equal, hence they give the same elements X/W .
Parabolic inductions
In this section, we give another construction of irreducible admissible spherical representations corresponding to ν ∈ X/W , which can be considered as an analogue of parabolic inductions.
Fix a subset Σ ⊂ Π and let (h Σ ) * be the linear span of Σ. Then Σ can be regarded as the set of simple roots of a Lie subalgebra g Σ ⊂ g. Take a short root α in Σ and set q Σ := q (α,α)/2 . Let P Σ be the weight lattice of corresponding to Σ. Let U q Σ (g Σ ) be the subalgebra of U q (g) generated by E α , F α , K λ 's where α ∈ Σ and λ ∈ P Σ . Then we have a quotient map π
. We write elements associated to g Σ with superscript Σ, for example, D Σ , ρ Σ etc. For each ν ∈ X, one may decompose ν to an orthogonal sum
where ν Σ ∈ h Σ and ν ⊥Σ ⊥ h Σ . Then ρ Σ is nothing but the half sum of positive roots in ∆ Σ , which is compatible with our former notation.
when we regard wt(v) ∈ P Σ ⊂ P .
Proof. We check each commutation relations. It is easy to show the above formula gives a (U q Σ (g Σ )U q (h))-module structure and an O(G q )-module structure. Therefore, we only need to examine the commutation relation for x ∈ O(G q ) and
notice that a commutes with K ν . Hence
On the other hand, to see the commutation relation with K λ for λ ∈ P , let us remark that
Hence the above calculation also shows
which is the desired relation.
We denote the B Σ -module given in the lemma above by V (0,ν) .
Remark 4.2. The former 0 is used to show that we work with the spherical cases. One can also define V (λ,ν) to get parabolic inductions in the nonspherical cases in a similar way, but in this paper, we do not treat representations of this type.
Now we define a quantum analogue of parabolic inductions. For an admissible
In particular, all L(0, ν) are isomorphic to the same
It is often convenient to think L(0, ν) as a family of representations π ν on the same vector space L. Then by definition, for ω ∈ c c ( G q ) and x ∈ O(G q ),
The importance of the module L(0, ν) is as follows. Proof. Thanks to Lemma 3.4, L(0, ν) admits a unique irreducible spherical subquotient.
Hence V (0, ν) corresponds to ν ∈ X/W in the classification of Corollary 3.6. We conclude this section with the following "induction-by-step" type lemma. Notice that for each ν ∈ X, L(0, ν Σ ) and
Lemma 4.5. We have an isomorphism
In particular, the module Ind
Proof. By definition, we have
To construct the inverse, for each ω ∈ c c ( G q ), we can find an idempotent µ ∈ c c ( G Σ q ) such that ωµ = ω. Now one can define a map
where µ is an idempotent in c c ( G q ) such that ωµ = ω. Here we notice it does not depend on the choice of µ. In fact, for µ 1 , µ 2 ∈ c c ( G q ) with the property, one can find an idempotent µ 0 such that µ i µ 0 = µ i for i = 1, 2. Then
Therefore this map is well-defined.
These maps are inverses to each other, which finishes the proof.
Invariant form
In this section, we construct an invariant sesquilinear pairing on certain pairs of parabolic inductions. Before that, we begin with the following standard observation.
Let V, W be D-modules. We say a pairing
for a ∈ D, v ∈ V and w ∈ W . We say V is unitarizable if it admits an invariant inner product.
Lemma 5.1. We have the following. for x ∈ V * , y ∈ V . Let V˜be the vector space of locally nilpotent elements in V * .
Notice that if V is admissible, then V˜is also admissible. Also if V is irreducible, then V˜is also admissible. Now sesquilinear pairings between V and W are in one-to-one correspondence to homomorphisms from W to V˜. Now the results are direct consequences of Schur's lemma.
Define a functional ϕ ∈ c c ( G q ) by
where Tr λ is the unnormalized trace on V (λ). In [19] , it is shown that this is the left invariant weight on c c ( G q ), that is, a positive functional on c c ( G q ) such that
ϕ((x ⊳ a)y) = ϕ(x(y ⊳ S(a (1) )) ⊳ a (2) ) = ϕ(x(y ⊳ S(a))). Put P Σ,+ := {λ ∈ P | (λ, α) ∈ Z ≥0 for α ∈ Σ}. In a similar way, one may consider irreducible representations V (λ) of weight λ ∈ P Σ,+ of the "reductive" quantum group U q Σ (g Σ )U q (h) to construct a compact quantum group O(G Σ,q ).
Again from [19] , the functional ϕ Σ on c c ( G Σ,q ) := λ∈PΣ,+ End(V (λ)).
satisfies the same relations with ϕ. Now for each x ∈ c c ( G q ), one can find a unique E(x) ∈ U(G Σ,q ) such that
In this way, we can define a linear map E : c c ( G q ) → U(G Σ,q ).
The following lemma can be considered as a simple consequence of the modular theory, but for convenience, we attach a purely algebraic proof.
Lemma 5.2. (i)
The map E is positive.
(ii) The map E is a U(G Σ,q )-bimodule homomorphism.
Proof. First we show E is positive. In fact,
Here for the last equation, we used the fact that K 2ρ ⊥Σ commutes with y.
For the second assertion, we have
Hence E is a left U(G Σ,q )-module homomorphism. One can show E is a right U(G Σ,q )-module homomorphism in a similar manner. For the third assertion,
Again, E(x ⊳ a) = E(x) ⊳ a is similar.
Let V, W be admissible D-modules with an invariant sesquilinear pairing. Thanks to (ii) of the lemma above, one can define a sesquilinear pairing on Ind (ax, y) = (x, a * y)
for any a ∈ D, x ∈ Ind Π Σ (V, ν) and y ∈ Ind Π Σ (W, −ν). Proof. Trivial for a ∈ U q (g).
The assertion follows for a ∈ O(G q ) also by a calculation:
Since the invariant sesquilinear form is unique, we get the following.
Corollary 5.4. Let ν ∈ h * . Suppose ν satisfies the following three conditions.
•
admits an invariant sesquilinear form and • ν ⊥Σ is imaginary.
Then V (0, ν) is unitarizable if and only if V (0, ν Σ ) is.
In the case of Σ = ∅, the pairing is given by
hence is an inner product on L which satisfies
To conclude this section, we state an application of this sesquilinear pairing which plays an essential role in the next section.
Let L 0 (0, ν) be the cyclic submodule of L(0, ν) generated by Λ(ϕ).
Lemma 5.5. We have
Then this is an admissible spherical D-module with a D-invariant nondegenerate pairing
Notice that Λ(ϕ) is cyclic both in L 00 (0, ν) and
Another consequence of the lemma above is that V (0, ν) and V (0, −ν) admits an invariant sesquilinear pairing. In particular, together with Lemma 5.1 and Corollary 4.3, we get the following. 
Irreducibility
In this section, we give a criterion for the irreducibility of L(0, ν). The results of this section deeply depend on those of Section 2.3.
As in the remark before Lemma 3.5, each elements in the λ-isotypical component of O(G q ) with respect to ad S transports V 0 to V λ . In L(0, ν), we can say more,
Notice that Γ :
is a coaction of O(G q ) on itself and
Consider H := S • I −1 (H). Due to Lemma 2.5, this is an ad S invariant subspace of O(G q ) such that the multiplication map
is isomorphic.
Fix λ ∈ P + and put m := dim V (λ) 0 . Recall (a ij ) ⊂ H in Section 2.3. Let b ij := S(I −1 (a ij )). Let (f i ) be the dual basis of (e i ) and c 
Using this equality, we can reformulate Corollary 2.8 in our setting.
Proposition 6.1. Fix ν ∈ h * . We have the following.
−1 Z for any α ∈ ∆ + , then the spherical vector is cyclic in L(0, ν). In particular, any admissible spherical irreducible representation is a quotient of L(0, ν) for some ν ∈ h * . (iii) If Re(ν, α ∨ ) ∈ 2Z − + 2πi log(q) −1 Z for any α ∈ ∆ + , then any nonzero submodule of L(0, ν) contains the spherical vector and L 0 (0, ν) = V (0, ν). In particular, any admissible spherical irreducible representation is a subrepresentation of L(0, ν) for some ν ∈ h * .
Remark 6.2. Independently, Voigt and Yuncken observed a similar result in [21] .
As corollaries, we get the irreducibility of certain D-modules we have constructed. First, we begin with the integral case. Corollary 6.3. For µ ∈ P + + πi log(q) −1 P ,
as a D-module, where the module structure of the right hand side is equipped as in Theorem 3.3, namely,
Proof. First, the left hand side is a U q (g)-module of type 1. We claim
* . Here since x ∈ O(Char q (G q )) preserves 0-isotypical component, we know Ψ(x)v is a multiple of v. Therefore we only need to show
, the left hand side is nothing but ((P ⊗ P)(Ψ(x))v, l µ ⊗ v µ ). Now Lemma 2.12 asserts this is equal to
which shows the claim.
Therefore from Corollary 4.3,
for any λ ∈ P + . Hence
Consequently, we get a description of V (0, ν) in the case of g = sl 2 .
Corollary 6.4. Let g := sl 2 . Take ν ∈ C/2πi log(q) −1 Z.
We prepare an additional lemma.
Proof. By conjugating by a element in W Σ if necessary, we may assume Re(ν, α ∨ ) ≤ 0 for any α ∈ Σ.
Let w 0 be the longest element of W Σ . Notice that ν is in the case (iii) in Proposition 6.1, while w 0 ν is in the case (ii).
We
Consider the kernel K of the quotient map L(0, w 0 ν) → V (0, w 0 ν). Then T K is a submodule of L(0, ν) which does not contain the spherical vector. Thanks to Proposition 6.1, T K = 0. Therefore T factors
Since T sends the spherical vector to the spherical vector, the image of T is contained in L 0 (0, w 0 ν) = V (0, w 0 ν). As a consequence, T factors
The claim shows such T is unique up to scalar multiple. In particular, the image of T is V (0, w 0 ν Σ ). Now using the isomorphism
(We again used the claim for the first equality.)
Intertwining operators
In this section, we complete the classification of unitarizable admissible spherical irreducible D-modules for g = sl 3 .
Let us begin with an easy obstruction for the unitarizability coming from the norm estimate which contains the case in Corollary 6.3.
In particular, if Re µ − 2ρ is nonzero and dominant, then V (0, µ + 2ρ) is not unitarizable.
In the rank 1 case, we have the following expression for the intertwining operator
Proof. From Theorem 4.3, there exists an intertwining operator T ∈ Hom D (V (0, ν), V (0, −ν)).
Multiplying a scalar if necessary, we may assume T 0 = 1.
Notice that 0 = ϕ ⊳ (c r a r ) ∈ L r . We have
q r+1+ν − q −r−1−ν . Iterating use of this formula shows the conclusion.
One can classify all irreducible unitary spherical representations of the Drinfeld double of SU q (2) as follows, which has already appeared in [18] .
Proof. In the case of ν ∈ (Z \ {0}) + πi log(q) −1 Z, Lemma 7.1 asserts V (0, ν) is unitarizable if and only if | Re ν| = 1.
Let Since (ϕ, ϕ) 0 = 1, V (0, ν) is unitarizable if and only if T is positive definite on L.
In the case of w = 1 (that is, ν ∈ iR), T = 1. Hence this is a priori positive definite.
In the case of w = −1 (that is, ν ∈ R + πi log(q) −1 Z), T is positive definite if and only if Finally, we get a classification of the unitary spherical irreducible representations of D for g = sl 3 .
Theorem 7.4. Let g = sl 3 and take ν ∈ X. Then V (0, ν) is unitarizable if and only if
Proof. Put Π = {α, β}. Take ν ∈ X. If there is no w ∈ W such that −ν = wν, V (0, ν) is not unitarizable. If −ν = wν for some w ∈ W , we can divide the case into the following. (1) Suppose w = e, that is, ν ∈ ih R . In this case, the intertwining operator is just identity, hence positive definite, so V (0, ν) is unitarizable.
(2) Suppose w = s α , that is, ν = tα + iµ for t ∈ R and (µ, α) ∈ πi log(q) −1 Z. First suppose µ ∈ πi log(q) −1 P or t ∈ 2Z \ {0}. Then from Proposition 6.5, + (α, µ) ). In this case, Corollary 5.4 implies V (0, ν) is unitarizable if and only if V (0, t + (α, µ)) is. This holds if and only if |t| ≤ 1.
Suppose µ ∈ πi log(q) −1 P and t ∈ 2Z \ {0}. In this case, V (0, ν) is finite dimensional. Thanks to Lemma 7.1, this is unitarizable if and only if ν ∈ (2α + πi log(q) −1 P ) = W (2ρ + πi log(q) −1 P ). (3) For case of w = s β or s α s β s α , there exists w ′ ∈ W such that w ′ ν is in the case (2). Since V (0, ν) is isomorphic to V (0, w ′ ν), we already have done. (4) In the case of w = s α s β or s β s α , there is no ν ∈ X satisfying −ν = wν except for ν = 0, which is already considered in the case (1). Combining these cases, we get the desired conclusion. We conclude the content of this paper with another application of the whole theory.
Theorem 7.6. The Drinfeld double of SU q (2n + 1) has property (T) for any n ∈ Z + .
Proof. First notice that the restriction of the usual topology of X/W to the unitary dual is nothing but the Fell topology. Hence we only need to show V (0, ν) is not unitarizable for any ν ∈ X sufficiently close to 2ρ.
Let g = sl 2n+1 . We identify h * with
Let (e k ) k=n,n−1,...,−n be the canonical basis of C 2n+1 and fix the set of simple roots by α k := e k − e k−1 (k = n, n − 1, . . . , −n + 1). Then the element 2ρ corresponds to the sequence (2n, 2n − 2, . . . , −2n).
For ν ∈ h * , consider the following two conditions.
(1) |ν k − 2k| < min{1, π log(q) −1 } for any k. (2) For any proper subset p ⊂ {n, n − 1, . . . , −n} which contains n and is closed under k → −k, we have
It is easy to observe that 2ρ satisfies these conditions. Hence if ν ∈ h * is sufficiently close to 2ρ, then ν also satisfies the conditions. We show V (0, ν) is not unitarizable for such 2ρ = ν ∈ h * . Suppose V (0, ν) is unitarizable. Since −ν is a permutation of ν, the condition (1) implies ν −k = −ν k . Let p ⊂ {n, n − 1, . . . , −n} be the set of all indices k such that
By definition, k ∈ p if and only if −k ∈ p. We claim p = {−n, −n + 1, . . . , n}. (For this, we use the assumption that the rank is odd.) Suppose p = {−n, −n+1, . . . , n}. Since ν 0 is imaginary, the definition of p and the condition (1) imply
for any k. Again from the condition (1), ν is of the form
Combining with k ν k = 0, we get ν 0 = 0, which contradicts with ν = 2ρ. Now take a permutationν of ν with the following property:
•ν n = ν n ,
• the set of indices corresponding to p is {n, n − 1, . . . , l} and • the sequence Reν is decreasing on {n, n−1, . . . , l} and {l−1, l−2, . . . , −n}.
Since Σ satisfies the assumption in Proposition 6.5, follows from the condition (2). Thanks to Lemma 7.1, V (0,ν 1 ) is not unitarizable.
Appendix. Central property (T) for discrete quantum groups
In this appendix, we give a brief explanation of a reformulation of the results in [6] in the property (T) case. For basic definitions, we refer [6] .
Let G be a compact quantum group. Let C u (G) be the universal function algebra on G. We denote the character algebra in C u (G) by C u (Char(G)).
Definition 8.1. We say G has central property (T) if the following hold: If a net of central states (ω i ) ⊂ C u (G) * converges to ε in the weak*-topology, then it converges in norm.
Remark 8.2. According to [15, Theorem 3 .1], the property (T) in the sense of [9] is equivalent to the following:
If a net of states (ω i ) converges to ε in the weak*-topology, then it converges in norm.
In particular, property (T) implies central property (T).
We start with the following standard observation. For a standard properties of the Fell topology on the unitary dual of a C*-algebra, we refer [7] . Lemma 8.3. Let A be a C*-algebra and χ a * -character of A. Then the following are equivalent.
(i) The character χ is isolated in the unitary dual of A.
(ii) If a net of states (ω i ) converges to χ in the weak*-topology, then it converges in norm. Then since ω = ε • T u ω , we get ω = T u ω . If we start with a central multiplier T u on C u (G), that is, a completely bounded map from C u (G) to itself which is equivariant under the left-right action of G, then ω T := ε • T u is a central state. Hence we get a one-to-one correspondence between central completely bounded multipliers and central bounded functionals which preserves the norm.
In particular, we get the following. As in the completely same way in [10, Proposition 6.3], we get the following. Proposition 8.5. Let G and H compact quantum groups which are monoidally equivalent. Then we have a one-to-one correspondence between central completely bounded multipliers on C u (G) and C u (H) preserving the norm and the weak*-topology.
In particular, if G has central property (T), so is H.
In the Kac type case, central property (T) is equivalent to original property (T).
Proposition 8.6. Let G be a compact quantum group of Kac type. Then the following are equivalent.
